We prove that for any countable Abelian group A and any its Gaussian action, the entropy is either zero or in nity and moreover, the former case happens i the spectral measure of the Gaussian action is singular with respect to Haar measure on the dual of A.
Introduction
In this note we extend a classical result about the entropy of Gaussian automorphisms (Z-actions) to weakly mixing Gaussian actions of countable Abelian groups. The fact that the entropy of a Gaussian automorphism T is zero or 1 (the latter happens i the spectral measure of T is not singular with respect to Lebesgue measure) is commonly attributed to Pinsker, although it seems that the rst "written" proof appears in 10]. De la Rue in 10] generalizes this classical Pinsker result to Gaussian Z d {actions, d 1. His proof however does not seem to extend to general countable Abelian group Gaussian actions.
Here, we use some ideas from 6] and 7] about the existence of common compact factors for some Gaussian automorphisms which allow us to prove the result formulated in Abstract. In case of Z d {actions, our proof is di erent from de la Rue's proof.
The author would like to thank Brunon Kami nski for fruitful discussions on the subject.
Ergodic theory preliminaries
Let A be a countable Abelian group. Assume that this group acts by measure-preserving maps on a standard probability Borel space (X; A; ), i.e. we have T = (T a By the centralizer C(T) we mean the group of all invertible S : (X; A; ) ?! (X; A; ) such that ST a = T a S; a 2 A. The centralizer endowed with the weak topology becomes a Polish group. Assume that P C(T) is a subgroup. Then put A(P) = fB 2 A : SB = B for each S 2 Pg: Clearly A(P) is a T-invariant -algebra (a factor of T). If in addition P is compact then such a factor will be called a compact factor.
For a de nition of entropy of an A{action we refer to 1]. The proof of the following proposition has been suggested to me by B. Kami nski.
Proposition 2. If P is compact then the entropies of T and its compact factor Tj A(P) are equal.
Proof.
Accordind to 14] (Prop. 4.3) and 3], all we need to show is that the relative entropy of T with respect to its distal factor B is zero. Suppose that this is not the case. Then similarly as in 5], by adapting the methods from 12] we get that there is a Bernoulli factor C of T such that B and C are independent. Then on one hand we get that B is a distal factor of B _ C the joining of the two factors, but on the other hand B is clearly a relatively weakly mixing factor of B _ C, a contradiction.
We will also need the following simple lemma about the existence of isomorphic factors. Lemma 1. Assume that T = (T a ) a2A and T 0 = (T 0 a ) a2A are weakly mixing A-actions de ned on the same space (X; A; ) and let S = (S a ) a2A , P = (P a ) a2A be another A-actions. Assume moreover that T 0 a = S a P a ; with S a ; P a 2 C(T) for all a 2 A: Suppose that the group fP a : a 2 Ag is relatively compact. Then T and T 0 have a common (isomorphic) nontrivial compact factor.
Proof.
Let P be the closure of fP a : a 2 Ag in C(T). Now P is compact and clearly A(P) = A(fP a : a 2 Ag). It is obvious that A(P) is both T-and T 0 {invariant. Moreover, the actions of T and T 0 restricted to A(P) are isomorphic (via the identity map). Finally, the common factor is compact and non-trivial (the latter follows from weak mixing of T).
Spectral background
Let A be a countable group with discrete topology and letÂ denote its dual. ThenÂ is a metric compact Abelian group. The group A acts onÂ by the formula a( ) := (a) (1) for each a 2 A; 2Â. Let 
.). Then it gives rise to another
This is indeed an A-action, since j 2Â. It is also clear that
for all a; b 2 A, i.e. W j a 2 C(V ) (and W j a corresponds to j a 2 F , where j a ( ) = (j )(a)). Note also that if (W a ) a2A is an A-action satisfying (3) then by Section 1, for each a 2 A there exists a function j a 2 F such that the action of W a is simply the multiplication by j a . Since W a1a2 = W a1 W a2 , given 2Â; j a1a2 ( ) = j a1 ( )j a2 ( ) for all a 1 ; a 2 2 A and therefore j ( ) 2Â, so we can identify the group of A-actions satisfying (3) with the group G = fj :Â ?!Â : j is measurableg: On G we consider the topology given by the metric d(j; j 0 ) := 1 X n=2 1 2 n ZÂ j(j )(a n ) ? (j 0 )(a n )j Proof.
The group of all functions that are constant on each element of P is isomorphic toÂ cardP , hence is compact. The same argument works for the second statement since each j a is constant on any atom of P.
Remark 2. By the methods of 7] it follows that for each element j which generates a compact subgroup of G there exists a partition so that j is constant on each atom of this partition. We will however make no use of this fact. Proof.
This is merely the fact that Haar measure is invariant under translations. 
Compact factors of a Gaussian A-action
For a general theory of Gaussian automorphisms (i.e. of Gaussian Z{actions) we refer to 2]. Its extension to Gaussian A{actions is straightforward.
We say that a weakly mixing A{action T = (T a ) a2A : (X; A; ) ?! (X; A; ) is a Gaussian A-action if there exists an invariant subspace H L 2 0;R (X; ) (the space of real function with zero mean) such that (i) the smallest sub--algebra A(H) for which all elements of H are measurable is A;
(ii) each variable of H is a Gaussian variable; (iii) H = spanffT a : a 2 Ag for a certain element f 2 H.
By the spectral measure of a Gaussian action we mean a measure onÂ determined bŷ
This measure is symmetric ( (D) = (D)) and it is well-known that given a symmetric nite Borel measure onÂ there is a unique Gaussian A-action whose spectral measure is ; it lives on R A and f = X 0 corresponds to the projection onto the "zero coordinate" while T a is the shift by a. Throughout is assumed to be continuous (which is equivalent to weak mixing of the corresponding Gaussian action). The unitary action of T restricted to H is isomorphic to the group V = (V a ) a2A acting on L Assume that T = (T a ) a2A is a Gaussian A-action given by . Denote by H its Gaussian space. Assume that 1 is a Borel symmetric measure absolutely continuous with respect to . Put H 1 = ff 2 H : f 1 g: Then H 1 is a closed invariant subspace on which T has still simple spectrum, hence A(H 1 ) gives rise to a Gaussian factor (whose spectral measure is 1 ) of T.
The discussion above, Lemma 1. and Corollary 1. give rise to the following. Theorem 1. The entropy of a Gaussian A-action T is either zero or in nity. The former case holds i ? .
All we have to prove is that if then the entropy of T is in nite. This is clear if = (indeed, the variables fT a ; a 2 A are independent and have a continuous distribution, hence the entropy is in nite). Combining Corollary 2. and Proposition 2. we see that the entropy of a Gaussian A-action corresponding to j D depends only on the measure of D. It follows that the entropy depends monotonically on the measure of D. Since we can always partitionÂ on nitely many symmetric sets of measure smaller than a prescribed positive number, the result easily follows.
Remark 4. 1) The case of a non-ergodic Gaussian A-action can be reduced to the case of discrete. This means however that the A-action is compact and hence entropy equals zero.
2) If (T t ) t2R is a Gaussian ow and is its spectral measure (it is de ned on R) then T := T 1 is a Gaussian automorphism whose maximal spectral type on its Gaussian space (in general, T has nontrivial multiplicity on the Gaussian space) equals exp ( ) (here exp : R ! T; exp(r) = e
